EXISTENCE, UNIQUENESS AND LIMITING BEHAVIOR OF SOLUTIONS OF A CLASS OF DIFFERENTIAL EQUATIONS IN BANACH SPACE
In particular, we obtain an extension to Banach spaces of a result of R. E. Showalter [5] to the effect that (1.1) is well posed when X is a Hubert space and A n and B are maximal dissipative operators in X which satisfy the algebraic condition (1.3) Re ((/ -A n )x, Bx) ^ 0 ,
x e D(B) £ D(A n ) .
In the next section we give sufficient conditions for (1.1) to be well posed. We note that these conditions do not guarantee that (1.2) is well posed. In §3 we show that if, in addition, {A n } tends to zero in a certain sense, then (1.2) is well posed and the solutions u n of (1.1) tend to the solution of (1.2) . In particular, it will follow that if A and B are densely defined maximal dissipative operators in a Hubert space and if (1.3) is satisfied with A n = n~γA> then
A [(/ -n-'A)u n {t)} -Bu n {t) = 0 , (ί > 0) , u n (0) = u n e D(B) , at
is well posed and as n -> oo, u n converges strongly to the unique solution of (1.2) . Two examples are discussed in §4.
We emphasize that throughout this paper it is assumed that D{B) § D(A n ). The question of limiting behavior of solutions of (1.1) when X is a Hubert space, A n = n~ιA and D(A) £ D(B) has been considered previously [2] , and it is interesting to compare the results of [2] with those of the present note in the case D(A) -D(B). In [2] it was assumed that A and B were maximal dissipative operators 473 arising from certain densely defined, strongly coercive sesequilinear forms and that A was self-ad joint. On the other hand the algebraic condition (1.3) which is the most restrictive assumption of the present note, was not assumed in [2] and the convergence results are somewhat stronger than those obtained here. Thus while the results of [2] do not apply to perturbations of hyperbolic problems, they are in some respects more satisfactory as far as perturbations of parabolic problems are concerned when D{A) = D (B) . We note that the methods used here are completely different from those of [2] .
2* Existence and uniqueness of solutions* A solution of the problem (1.1) is a function u: [0, oo)-> D(B) such that (/-A n )ue C([0, oo); X) n C"((0, oo), X) and (1.1) is satisfied. The initial condition in (1.1) is supposed to hold in the sense that (I -A n )u(t) -• (I -A n )u 0 strongly in X as t-+0 + . While we will always assume that I -A n in invertible, the inverse need not be bounded and so we do not know in general that u(t) -* u 0 strongly in X. THEOREM 2.1. Let X be a Banach space and A n and B linear operators in X which satisfy the following Then for any u Q eD(B) the problem (1.1) has a unique solution u(t) and which means that B n is a dissipative operator in X, and from (2.4) we have Rg (/ -ζB n ) = X from some ζ > 0 (hence for all ζ > 0). From these facts it follows that D(B n ) is dense in X (Goldstein [1] ; c.f. [4] ). We may now apply the Lumer-Phillips theorem [3] to the effect that B n is the infinitesimal generator of a (C 0 Proof. Since A n is densely defined and maximal dissipative, (/ -A n ) is a bisection of D{A n ) onto X and || (I -A n )~l || ^ 1. Also, R. E. Showaiter proved [5] that under the stated hypotheses, A n Λ-B is a densely defined, maximal dissipative operator in X. From this fact follows that Rg (/ -A n -B) = X. For a Hilbert space, conditions (1.3) and (2.3) are equivalent. The conclusions of the corollary now follow from (2.7) and Theorem 2.1.
REMARK.
Suppose (2.1)-(2.4) hold and that in addition there is a constant C > 0 such that
for each x e D{B) and all ζ with Re (ζ) > 0. Then the semigroup {e tB κ t ^ 0} has a strong holomorphic extension into some sector I argί| < a, and therefore (2.6) (respectively, (1.1)) is uniquely solvable for any v o eX (respectively, u o eD(A n )).
In fact, since B % generates a (Co)-semigroup of contractions, the open right half-plane lies in the resolvent set of B n and from (2.8) we obtain || (λ -B n )'
whenever Re λ > 0, which implies the desired conclusion. When X is a Hilbert space, a sufficient condition for (2.8) is that all of the values of z = (x -A n x, Bx) lie in some fixed sector |argz-7r|^-|--ε, ε>0.
To prove this, write z -\z \e iθ and ζ = [ ζ\e iφ . (2.8) is equivalent to
Thus (2.8) holds with C 2 = 2d -d\ 3* Limiting behavior of solutions* We first prove that if B is closed and A n tends to zero in a certain way then (1.2) is well posed. THEOREM 3.1. Let X be a Banach space and A n and B be linear operators in X which satisfy (2.1)- (2.4) . Suppose in addition
B is closed .
(3.2) lim sup || Λ* 11/(11 *» 11 + 11*11) = 0.
%-+oo xe D(B)
Then B is the infinitesimal generator of a {C^-semigroup of contractions on X.
Proof. We have to show that B is a dissipative operator such that Rg (/ -B) = X. From (2.3) and (3.2) we obtain, upon letting n-* oo f (3.3) \\x-ζBx\\^\\x\\,xeD(B),ζ>0 9 and so B is dissipative. For each n and ζ > 0, B n is dissipative and Rg (I -ζB n ) = X. Let y e X and x n e D(B) such that
By (2.3), \\x n -A n x n \\ g \\y\\ and therefore {Bx n } is bounded. Let
C n ->0 as n -* oo according to (3.2) . From (3.3) so that
Hence {x n } is also bounded. It follows from (3.2) that A n x n ->0 strongly in X as w -> oo. Therefore Proof. We apply the Trotter convergence theorem [6] . To do this we show that for each ζ > 0, (3.4) lim(J-CB.r l = (/-ζB)- We may write
-ζB)~ιx || 1)-(2.4), (3.1) and (3.2) . Suppose in addition that Rg (/ -A n ) = X, n = 1, 2, , αwd sup*, || (/ -AJ" 1 1| < oo. Let u o eD(B) and u n (t) be the unique solution of (1.1 Proof. As noted in the proof of Corollary 2.1, A n and B satisfy (2.1)-(2.4) and moreover, Rg (/ -A n ) = X with || (/ -A n )~ι || ^ 1. In addition B, being a densely defined, maximal dissipative operator in a Hilbert space, is closed. The corollary now follows from Theorem 3.3.
REMARK. When A n = n~γA, (3.2) is automatically satisfied provided A and B are closed operators with D{B) £ D{A). Thus in this case hypothesis (3.2) may be omitted in Corollary 3.1. In fact, as a rather well-known consequence of the closed graph theorem we have \\Ax\\<LC{\\Bx\\ + || a? ||), xeD (B) where the constant C does not depend on x. Therefore sup \\A n x\\!(\\Bx\\ + IMDsSCn-1 .
ueD(B)
4. Examples* As a first example we consider the problem 
Bu = Vu du dx

From our preceding remarks it is easy to see that D(B) is a closed subspace of H}(0, 1) and D(B) is dense in L 2 (0, 1).
By a solution of (4.1), (4.2) we mean a solution of (1.1) in which A n and B are the operators defined above. In order to apply the theory developed in § §2 and 3 to the problem (4.1) and (4.2) we shall have to verify in particular condition (1.3) . Concerning this we have LEMMA 4.1. Suppose a n b ^ 0 and that
where a n -b -ajb 3) is satisfied.
Proof. For u e D(B) we have
ReΓ(6 -alb -a n b ι )ΰ-dx .
Jo dx
The following identity is easily Thus if u n is the unique solution of (4.1), (4.2) , as n-> oo u n (t) converges in L 2 (0, 1) to the unique solution of
uniformly on bounded subsets of [0, co). From (4.5), (4.6) and (4.9) follows that u = 0 if / = 0. We next verify (2.4). Let /eL 2 (0, 1). We have to solve
where ζ n > 0 is to be determined. Since a n b ^ 0 and a\ + & 2 > 0, we have α n + ζ& Φ 0 for every ζ > 0 and therefore (4.10) is equivalent to
The constant k n must be such that %(0) = cu(ϊ). This condition leads to Proof of Theorem 4.2. We first note that (4.8) implies (4.6) for all sufficiently large n. Moreover, (4.7) is also satisfied for all large n if {ζ n } is any sequence of positive numbers which tends to zero. Thus conditions (2.1)-(2.4) are satisfied. That (3.1) and (3.2) also hold is a consequence of the inequality (4.11) Ho), ueD(B) where the constant K is independent of u. In fact, suppose (4.11) holds and {u n }<zD(B), u n~+ u, Bu n ->v in L 2 (0, 1). By (4.11), {u n } converges in H}(0, 1). Since D(B) is a closed subspace of iϊ^O, 1) and \\Bu n \\o <: (const.) \\u n \\ x it follows that ueD(B) and Bu = v 9 i.e., B is closed. Moreover, we have
and therefore
which tends to zero as %-> co. Thus (3.2) is satisfied. It only remains to prove (4.11). We have Proof of Theorem 4.3. We have only to verify that Rg(/-A n ) = L 2 (0, 1), w ^ iV, and sup II (I -< From (4.9) and the present hypotheses it follows that for all sufficiently large n,
Let fe L 2 (0, 1). Since a n Φ 0, the equation
where F n {x) is a known function and the constant k n must be such that u(0) = cu(l). This is possible for arbitrary /eL 2 (0, 1) if and only if
J° o,(f) cexp and this last condition is obviously satisfied for all sufficiently large n in view of (4.8) . Thus Rg(I -A n ) -X, n^ N, and the proof is complete. EXAMPLE 2. We consider, for n = 1, 2, , the problem • || 2 and defined by The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely necessary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. Please classify according to the scheme of Math. Rev. Index to Vol. 39. All other communications to the editors should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024.
